In the present note we shall prove this conjecture.
The convergence expressed by (1) is not uniform with respect to the sets S. In fact, it can be shown that for 0<a<l,t>0 and k > 1, there exist sets S with p(S) = a and cp\k)1/k > a -f.
2. Since p(S) < 1, the set S is contained in a countable union of intervals whose total measure is less than 1. In fact, this is true even with intervals of the type a < x < b with rational endpoints a, b. Hence we may assume that S itself is a countable union of such intervals.
Using the easily established relation have <p(jt) < <7X0; (/ =1, 2, •••), and if k is a large integer with ft < k < (f + 1)/, then <p(k) < <fi(jt)cp(k -ft) < <p(it) < (p(t)' and <f>(k)l/k <<f>(t)>/k <cß(t)(1/t)-a/k).
Therefore the limit superior of <p\k) f as k -><x> cannot exceed 0(0 .
Thus in order to prove (1), it will suffice to show that for every f > 0 there is an integer t with (2) <f>(t)l/t<e.
3. Write p(S) = p, and choose 8 > 0 so small that (3) 2S < 1 -^ and (8/(l-p-8))l-^-S <«r.
We may write S = S. U S2, where S. is a finite union of intervals a < x < b with rational endpoints, and where p(S2) < 8. To prove the Lemma, we observe that 5, consists of a finite number (in fact less than r) intervals E of the type (u/r) < x < (u + l)/r with integral u. For each such interval E contained in S., let E be the enlarged interval (u/r) -(1/t) < x< (u + l)/r. Let Sj be the union of the intervals E so obtained. It is clear that (5) if x + w £ S . with 0 < w < v, then x £ S..
For each interval E above we have p(E ) = p(E) + (l/t), and hence we have p(S'l) < p(Sj) + (r/t) = p(Sx) + (1/s) < p(S) + S = p + 8. Now S'r is a disjoint union of intervals (v/t) < x < (v + l)/r with integral v. If, say, it is a disjoint union of p such intervals, then p(S. ) = p/t and hence (6) p -//¿(S'j) < t(p + S).
